Proof. Consider first point 1. Note thatπ a > 1/2 if and only if t n,1−α − e(θ) < 0, that is, if and only if t n,1−α < T n . Consequently, the identity in point 1 is proved and the proof for point 2 is exactly the same.
Proof of Lemma 2 and Lemma 3
Proof. To prove point 1, consider a realization (x 1 , ..., x n ) of X n such that ∑ n l=1 x l = s. The number of all the possible re-samples (x i 1 , ..., x i n ) that can be drawn with replacement from (x 1 , ..., x n ) such that ∑ n l=1 x i l = k is given by ( n k )s k (n − s) n−k . Consequently, the number of possible re-samples with ∑ n l=1 x i l ≥ (nc α + 1) (i.e. the number of re-samples leading to a rejection of H 0 using the exact test Ψ α ) is given by ∑ n k=nc α +1 ( n k )s k (n − s) n−k . Then, the value ofπ e associated to a realization of (x 1 , ..., x n ) with ∑ n l=1 x l = s is given byπ PI e (s) = ∑ is an integer, the median of the binomial distribution with parameters n and c α coincides with nc α . Consequently,π PI e (nc α ) ≤ 1/2. Analogously, the value ofπ PI e corresponding to nc α + 1 is given bŷ
nc α +1 n n−k = 1 − B(nc α ; n, (nc α + 1)/n). Again, since nc α + 1 is an integer, it coincides with the median of the binomial distribution with parameters n and (nc α + 1)/n. Then 1 − B(nc α ; n, (nc α + 1)/n) > 1/2, which coincides witĥ π PI e (nc α + 1) > 1/2. This demonstrates that, if the null hypotheses is rejected (accepted) by the classical exact test (or by the test based on the parametric exact RP-estimator), also the RP-testing rule defined on the basis ofπ PI e reject (accept) H 0 . The converse implication is straightforward since a binomial random variable is strictly increasing in p t with respect to the usual stochastic ordering. Then, the RP-testing rule based onπ PI e is equivalent to the exact one. The proof for Lemma 3.2 is analogous.
RP-Estimation and Testing for the Sign Test
Let X be a continuous random variable with distribution function t F and median θ t . Let X n = (X 1 , ..., X n ) be random sample drawn from t F in order to test the statistical hypotheses H 0 : θ t ≤ θ 0 vs H 1 : θ t > θ 0 . It is well known that the previous hypotheses can be tested by using the Sing test which is based on the test statistics
The exact and asymptotic distribution of B is known both under H 0 and under H 1 and, consequently, this test falls under case (A). Putting
It is now clear that all the results obtained for the Binomial test can be applied also for the Sing test. Note that, under H 0 , p t = 0.5 and, consequently, the performances of the semi-parametric and non-parametric RP-estimators for the Sign test are reported in Figure 2 of the Supplementary Material, which is related to the binomial test with p 0 = 0.5.
Proof of Corollary 4
Proof. Remember that W = ∑ n i=1 ∑ n j=i I ij where I ij is defined as in formula (8) 
(1)
I ij , expression (1) can be rewritten as follows: Table S1 . 
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